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Abstract—In the analysis of the bifurcation of thin orthotropic plates, the nonlinear terms associated with
the third-order elastic constants are included in the stress—strain relation and large strain theory is used for
the prebifurcation state. It is illustrated in an example that the second-order theory may affect considerably
the buckling load (and mode).

1. INTRODUCTION

The second and higher-order elasticities (third and fourth-order elastic constants) describing the
material nonlinearities of elastic solids in the constitutive equations (see, e.g. {1,2]) play an
important role in the study of several anharmonic phenomena such as wave propagation in
initially stressed solids[1, 3}, vibrations of crystal plates—used as resonators—under initial
stress[4, 5], shock waves in solids that can sustain large elastic compression[6], etc.

In the present work the effects of the third-order elastic constants on the buckling of thin
orthotropic plates are examined on the basis of a stability criterion due to Hill[7), which was
subsequently used by numerous investigators in the analysis of the buckling and post-buckling
behavior of elastic structures. For details and references the reader is referred to the review
article by Budiansky[8] regarding the stability of elastic structures respectively and to the
review article of Sawyers[9] for a different approach concerning finite isotropic elasticity. Here
the nonlinearities in the material behavior of the hyperelastic solid are described in the constitutive
equation by the terms associated with the third-order elastic constants. For the effects of the
third-order elastic constants to be important, it is anticipated that the prebifurcation strains will be
large. Thus one has a choice of frame of reference: in our analysis the current state at the instant of
bifurcation is chosen since referring to it several expressions are considerably simplified. No
restrictive assumptions regarding plane strain, material incompressibility or homogeneity of the
prebifurcation stress field need to be made here (as, e.g. in Wesolowski[10] or Levison[11]). It will
be noticed that besides the strains, the strain gradients (up to second-order) may have significant
effect on the critical load. Finally the effects of the third-order elastic constants on the buckling
load (and mode) are illustrated in a particular example.

2. BIFURCATION CRITERION

(a) General criterion for 3-D solids

According to Hill's[7) stability criterion, a sufficient condition for uniqueness of the solution
describing the deformation of a body occupying a volume V in the reference state is obtained
when

F@i; M) = fv (Si¥y + Syl i) AV >0 6))

where all the applied dead loads are considered in proportion to a single parameter A. Moreover
it can be shown that for an elastic material bifurcation takes place for the first time when

6; : g and the condition ¥))
is satisfied with the corresponding absolute value of A being minimal.

tPresent address: Department of Mechanical Engineering, Carnegie-Mellon University, Pittsburgh, PA 15213, U.S.A.

SS Vol. 15, No. 12—F 987



988 X. MARKENSCOFF and N. TRIANTAFYLLIDIS

In the above expressions all quantities are referred to a cartesian frame at an arbitrarily
chosen reference state; s; denote the components of the (symmetric) second Piola~Kirchhoff
stress tensor, y; the components of the Lagrangean strain (with respect to the reference
configuration) and «; denote the components of the displacement vector. Moreover (*) denotes
the difference of some field quantity evaluated at two adjacent equilibrium states and (-)
denotes the derivative with respect to parameter monotonically increasing with time, and is also
called increment of the quantity to which it refers (for further details see[8]).

The reference frame may be chosen to coincide with the original stress-free one (as, e.g.
in{8]) or with the current one at the instant of bifurcation (as in[10, 11]). In the present analysis
it was considered expedient to choose the latter one, sine, by referring to it, the expressions for
the increments of strain and displacement gradients (v 4;) in eqn (1) become simpler.
Therefore the stress-strain relations which are usually expressed in the natural stress-free state
(see, e.g.[1] have to be modified and this is accomplished in the next paragraph.

(b) Effective moduli at an arbitrary state of deformation

The constitutive equation for a hyperelastic material in which elastic constants up to the
third-order are included is expressed in the ground state by:

S5 = Cryn + Cigtamn Vit Ymn 3)
with the symmetries (1],
Cw=Cuy and  Cimn = Citipmn = Citmnii @

In the strain-displacement relations

(B 2, o)
Y= 2 (ax, * ox; * ax; dx; )

x; denotes the coordinates of a material point in the ground configuration.

At this point the following notation is introduced: The superscript (0) denotes the natural
stress-free state, superscript (1) some other equilibrium state—which will be taken as
reference—and (2) the current state. Following standard definitions and relations for the
Cauchy and second Piola~Kirchhoff stress-tensors (see, e.g.[12]), we obtain:

s =det F*F3'oP F5' =det F® det F'*F3' " Fii "o B Fr " F;'" (6)

where

au<..)
)= 5. + —_ti
Fir=e+5

is the deformation gradient tensor between the reference and the final states for which it is

considered.
Furthermore, from the definition of the strain[12], it easily can be shown that

v =y 10+ POy ™
By taking increments in eqn (3) and considering (4) we obtain

$ = Cou VP + 2Cium VP v o0 ®)
while next states (1) and (2) are considered to coincide respectively with the bifurcation state
and a state on the bifurcation path arbitrarily close to the branch point.

Hence u{'”? =0 but 4{'® # 0 and by making use of (6) and (7) eqn (8) yields:

det FOF3™${F'™ = CuuFRPFaPYiR + 2Ciumn YR F i FOV 74 ©)
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with
a1 (i'ﬁ'.z_’ + %"_z’)
AN/

where x; is the cartesian coordinates at state (1). Thus the incremental stress-strain relation
with the current state at the instant of bifurcation used as reference takes the form:

8§ = zw‘iu (10)

where the incremental moduli & are defined by:
L= g PP o+ 2o Y - P, (11

3. ANALYSISOFTHE BUCKLING OF ATHIN ORTHOTROPIC PLATE

Let us consider a thin orthotropic plate and a cartesian frame with the x; axis normal to the
middle plane and coinciding with a principal axis of orthotropicity. For in-plane dead loading
the initial middle-plane will remain plane and since the plate was assumed thin the pre-
bifurcation states will be states of plane stress. Therefore, and in view of the orthotropicity of
the plate, all the usual kinematical assumptions made in the linearized plate theory are valid for
the adjacent equilibrium state (on the bifurcation path) with respect to the state at the instant of
bifurcation. These assumptions are:

P aw
ul-vl"'-xs‘;;l
P W
U= 2'&5“2
dy= Wy

where 5y(x;, X2), $x(Xy, X2), W(x;, X;) are the components along x,, X,, X; respectively of the
difference of two incremental vector displacement fields of a point of the prebifurcated
middle-plane. With the additional assumption of the linearized theory that the adjacent
equilibrium state (2) will also be a state of approximate plane stress, eqn (10) yields:

Sap = LapysVyst (12)
where the plane effective incremental moduli L,,s are given by[13]):

- _ZLapnZon
Leprs = Lot =gy

Using (11) and (12) the variational form of the bifurcation equation (2) may be written as
follows:

h’2 . . * »
[ W= 308280605~ x50
+ aaﬂ{(én.a - x3‘€’.m)8(vx,6 - x!‘i’.xﬁ) + ‘i’.a : 6“'.’}] dx! dA=0 (13)
which after integration yields:
3 3 . - .
L(h[L.M + Opgs * 8.7)1—;.,'3 * 86,_5 + % (Lw + 0’5580,-,) . W_.,g&ﬁ,g + ’lﬂ,,i’,, . 8‘;’,3] dx. dXz =0

(14)

tHere and subsequently latin indices range from 1 to 3, greek from 1 to 2.
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where 8,5 denotes the Kronecker delta. It shouid be noted that at the derivation of eqn (14) it is
taken into account that the Cauchy and second Piola-Kirchhoff stress tensors are coincident
for this choice of reference frame and that in view of the material orthotropicity o;; vanishes
and that the contribution of g5 to the incremental strain energy is negligible. By 4 is denoted
the current thickness of the plate—which in general may be a function of position—and the
plate is assumed symmetric about its middle-plane.

Since no coupling terms are present in eqn (14), the out-of-plane buckling is governed by the
differential equation:

h3 - &
(5 et + Ouabuing | ~lhogials =0 as)
which for homogeneous prebifurcation stress fields assumes the form:

hZ
12 (Laﬂw + a,,&,,,)w,.,w Tag W,,,g =, (16)

The corresponding boundary conditions are:

3
i [lhi (Lﬂﬂ‘ﬂ + Umaay)‘é,wnaﬁﬁ‘,] ds =0 (17)
and
5 , L
f {[ -1—2- (Lagys + aﬂisav)“".y&] +ho.s "".a}ng&u'a ds=0 (18)

where the integral is taken along the boundary curve c¢ of the middie-plane with normal unit
vector n,.

4. EXAMPLE

To illustrate the effect of the third-order elastic constants on the buckling of orthotropic
plates, a particular example is chosen. A thin simply supported rectangular plate of initial
dimensions aq X by X he and with axes of orthotropicity parallel to its edges was considered to
be subjected to a homogeneous stress field: oy = A, ox = pA, so that:

A, 000 iad-1 0 0
F%= 10 A, 0| andy®= 0 1A2=1 0
0 0 A 0 0 A -1)

where A; denote the stretch ratios, namely A, = (a/ao), A2 = (b/by) and A; = (hlhe), a, b, ¢ being
the dimensions of the plate at bifurcation. It is next sought to express the strains in terms of A;
terms of order (y,)’ or higher will be neglected.

Cia [ Cigy , C3C33y + C3,Cxs _ C513C35C;5 ]
= —— - + — +
P Csn (Cu)* (Cx)?

It should be noted here that the Voigt notation for the indices{12] was adopted: i.e. 111,
222,333,126, 1355, 234, Inserting eqn (19) into (3) yields:

Sa = Da373 + D0377877 (19)
where
Cs,C
— =3a38
Dusy = Cua =225 @)
Daay"—' aﬁy_C;.,Cm"‘C;%g;_SI‘F C;,C;M+C;¢C; Cis +C3(C3 f +Cs C;.,CJ
33 33

- C333 fgxc)figcflz (20)
33
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so that y, can be expressed as a function of vy;:

E Ey  2EnwE, En(E
72=_f‘7‘ [ n+ nE: _ Ex( 1)](7')2

(ES ~ (Ey @b

with
Ea = DZa - lem Eﬂy = ng-y - pDIﬂ‘y-

Hence eqns (19)«21) allow ¥, (and consequently y,, y3) to be expressed in terms of A:

2
= (Dn - D1 'EE“;) 7n+ [Dm - DiEy zzszE' D?é(l)iz“) +2DpERE, - &%}E‘i] (VI)2~
(22)

Thus in the buckling eqn (16) all quantities involved are expressed in terms of material
constants, ground geometry, the stress ratio parameter and the buckling parameter A.
The simply-supported boundary conditions are found from (18) to be:

w=0, w,,;=0 at X|=0,a
and (23)

w=0, wp=0, at x,=0b,

and the buckling modes are A, sin (n7x,/a) sin (mwx,/b) (see, e.g.[14]). The critical load is
given by the implicit relation

@t () 2L+ L 21+ () () + Lt ()

e B

wherefrom eqns (12) and (18):

L=~ 1}” Lip= % ""jf” Lu= % “?”’, Les= s (25)
with
&= N )‘ * [C.,+2Ctik‘7k]
R . [Ceot Ceamil:

The above equations were applied to a copper plate with dimensions and loading shown in
Table 1. The third-order elastic constants used were those of Hiki and Granato[14] for high
purity single crystals of Cu which belongs to the cubic system. Materials with high elastic limit
and measured third-order elastic constants (such as sapphire and quartz[6]) belong to higher
symmetries not covered by the previous analysis. Differences between abiatic, isothermal or
mixed constants were neglected.

The plate eqn (24) was solved numerically and the differences in the buckling load (and
mode) due to the second-order theory are presented in Table 1 for the plate of the previous
example. These effects are observed to be appreciable (up to 30% with strains at bifurcation of
the order of 1-2% and up to 15% with strains as low as 0.5%).

For all around compression (p > 0) the critical buckling load increases as expected in the
second-order theory for negative values of the third-order elastic constants. For tension-
compression (p <0) it may increase or decrease and also change the buckling mode as it
appears in Table 1.
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Table 1.
£ ~0; secongd-or: theo:
1:;:?0" ao bo ho 8 Ac:z' n,m Acr n,m

0 (cm)  (ecm) (ecm)  (10°dyn/cm?) (1084yn/cm?)
1 1 1 0.0S -0.5430 1,1 -0.6787 1,1
-1 1 1 0.0S8 1.9388 1,2 1.5528 1,3
2 1 1 0.0 -0.3620 1,1 -0.4622 1,1
-2 1 1 0,05 0.8309 1,2 0.8183 1,2
-5 1 1 0.05 0.2715 1,1 0.3291 1,2
-8 1 1 0.0S 0.15515 1,1 0.2042 1,2
1 1 2 0.08 -0.2908 1,1 -0.3247 1,1
-1 1 2 0.05 -0.4847 1,1 -0.4478 1,1
2 1 2 0.05 -0.2423 1,1 -0.2873 1,1
-2 1 2 0.05 -0.7270 1,1 -0.5548 1,1
-5 1 2 0.05 0.2633 1,3 0.3093 1,3
1 1 1 0.01 -0.2192 1,1 -0.2172 1,1

Acknowledgements—The support to one of the authors (XM) of the National Science Foundation is gratefully ac-
knowiedged. The authiors are thankful to Professor Alan Needleman of Brown University for reading the manuscript and
making comments.

1
2
3
4. P.C. Y. Lee, Y. S. Yang and X. Markenscoff, High-frequency vibrations of crystal plates under initial stresses, /.

12.
13.
14.

REFERENCES
R. N. Thurston, Waves in solids. In Handbuck der physik (Edited by C. Truesdell), Vol. VIa/4. Springer, Berlin-
Heidetberg, New York (1973).
G. Perrin and M. Delannoy, Fourth-order quasi-harmonic equations of state for solids of cubic and tetragonal
symmetry, J. Mech. Phys. Solids 28, 41-87 (1977).
X. Markenscoff, On the determination of the fourth-order elastic constants, J. Appl. Phys. 48, 3752-3755 (1977).

Acoust. Soc. Am. 57, 95-105 (1975).

. J. C. Baumhauer and H. F. Tiersten, Nonlinear clectroelastic equations for small fields superposed on a bias, J. Acoust.

Soc. Am. 1017-1034 (1973).

. R. A. Graham, Determination of third- and fourth-order longitudinal elastic constants by shock compression tech-

niques, Application to sapphire and quartz, J. Acoust. Soc. Am. 51, 1576~1581 (1972).

. R. Hill, On the uniqueness and stability in the theory of finite elastic strain, J. Mech. Phys. Solids 5, 229-241 (1957).
. B. Budiansky, Buckling behavior of elastic structures in Advances in Applied Mechanics (Edited by Yih), pp. 1-65.

Academic Press, New York (1974).

. K. N. Sawyers, Material stability and bifurcation in finite elasticity in Fimite Elasticity (Edited by R. S. Rivlin), ASME

AMD-Vol. 27, pp. 103-123 (1977,

. Z. Wesolowski, The stability of an elastic orthotropic paralielepiped subject to finite elongation, Bull. Acad. Polm., Sci.

Ser. Sci. Techn. 12, 155-160 (1964).

. M. Levinson, Stability of a compressed neo-Hookean rectangular paraileiepiped, J. Mech. Phys. Sol. 16, 403-415

(1968).

L. E. Malvern, Introduction to the mechanics of a continuoius medium. Prentice-Hall, New Jersey (1969).
D. O. Brush and B. O. Almorth, Buckling of bars, plates and shells. McGraw-Hill, New York (1975).

Y. Hiki and A. V. Granato, Phys. Rev. 144, 411-419 (1966).



